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Fig. 4. An illustration of a schedule S = (T ,R) on R = 2 paths with
FEC(6,4). Four data packets numbered 1-4 are generated at the source at equal
intervals T7; the brst one specibes time t = 0. The n § k£ = 2 redundancy
packets are numbered 5 and 6. According to the schedule S = (T, R), the
ith FEC packet is sent at time T (z) = 0 over path R(2).

losses observed at the destination, given a maximal value for
trec. Therefore, we adopt a natural performance metric called
effective loss rate mg. It is debned as the expected fraction of
lost data packets observed at the destination d after an attempt
of FEC decoding. Now the problem can be stated as follows:

Given the path properties (w‘Br), 1/ M(Br) and ¢, for every path
Py), the FEC parameters (n and k) and maximal FEC block
transmission time tgec, find the schedule S that minimizes the
effective loss rate 7.

We approach this problem in two steps. First, in Section I11
we derive an exact analytical formula for the effective loss rate
mg for a given schedule S. Second, in Section IV we introduce
a schedule that exploits the differences in path propagation
times and outperforms the schedules proposed to date.

[1l. DERIVATION OF THE EFFECTIVE LOSS RATE g

In order to design a good schedule we must be able to evalu-
ate it. In this section we derive the exact analytical expressions
for the effective loss rate wg for a given schedule S.

A. The effective loss rate mg for an arbitrary schedule

First, we derive mg for an arbitrary schedule S. Let ¢
be a n-tuple representing a particular failure conbguration;
ci, 1<i<n, takes the value G (resp., B) if ith FEC packet
is transmitted (resp., lost). By considering all possible failure
conbgurations ¢ we can compute the effective loss rate 7y for
a given schedule S as follows:

1

B = -

D(c) - P(0), @)
all ¢
where 0< D(c) <k is the number of lost data packets (after
the FEC recovery) for a given c. For a systematic FEC(n, k)
we have

. n
D(e) = 0 . if i=1 1{Ci: By =n k
i-1 L{c;i=3  Otherwise.

In order to compute the probability P(c) of a failure con-
bguration ¢, we consider the R paths separately, as follows.
Denote by T (") the vector of length n, with departure times
of packets scheduled by S on path P.. Similarly, let (" be
an n.-element vector with the failure conlbguration on path
Py debned by c. As the R paths are independent, we have

R
P(c) =

r=1

P(™), (4)
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where P(c{") is the probability of a failure conbguration
A" on path P,. The derivation of P(c(") for the Continu-
ous Gilbert loss model is straightforward. Indeed, denote by
pgg) () the probability of transition from state ¢ to state j on
path Py in time 7, i.e.,

P (r) = PIX¢(7) = j1X¢(0) = i].
From the classic Markov Chain analysis we have:
(r)

Pee() =7g) +nba

pg?G(T) = Wg) ﬂ'g)a

pg,)B(T) = 71'(Br) 7-‘-I(_Dr)a (5)
e =g +7a
wherea =exp () +u87)7 . Now P(c(") can be easily
computed. For example, for (") =GBB we have

PV =GBB) =18 - pEs(n) - p§ g (2),

where 7;=T,\") T,(" is the time interval between the ith and
(i+1)th FEC packet scheduled by S on path Pr. Generally,

ne—1

PE) = 710 B o (MW7 T @)
G o, GG ' '
i=
Finally, we plug (6) and (4) to (3), to obtain
1 R ne—1
w=7 D@ % P o T T )
all r=1 " =1 '™

B. The effective loss rate mg for even spacing on paths

Equation (7) allows us to compute the effective loss rate g
for any schedule S. However, evaluating (7) is computationally
expensive because the main sum is over all the 2" failure
conbgurations. Thus it can be applied to a relatively small »
only. Fortunately, we can signibcantly reduce the computation
complexity by assuming that on each path P, (separately), the
packets are evenly spaced, i.e., for all 1<i<n, 1 the intervals
Ti‘j} Ti(r) are the same and equal to a constant that we denote
by T}. Indeed, this constraint leads us to a formulation of 7g
(below) that may take orders of magnitude less time to solve
than (7), as shown in Fig. 5.

In order to compute 7 under the even-spacing case, we
look closer at the packets lost on each path. Denote by Fy
and D, the number of FEC and data packets lost on path P,
respectively (both before FEC recovery). Now we can rewrite
the total number of lost FEC packets as F* = | F, and
the total number of lost data packets as D = D,. This
decomposition leads us to the following derivation of 7g:

1" . . 8
M= P(F = j)-EDIF =] = ®)
j=n k+1
1" ] - - -
=K P(F1=j1, .., Fr=jr) - E[D|F1=j1, .., Fr=igr] =
Jj=n k*1 0 gi,..j J
at.+j =7
1 n R R
= E P(Fr :jr) ) E[Dr“:r zjr]
j=n k+1 0 Jiyer ] j r=1 r=1
. +j =7

In order to evaluate mg, for each path Pr we need to
calculate two components: (i) the probability P(Fy = jr)
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Fig. 5. The time complexity of the effective loss ratg under an arbitrary .
schedule (I1I-A) vs. the even-spaced schedule (I1I-B): tira¢io is the runtime jr - number of lost FEC packets
of Bq. (7) divided by the runtime of Eq. (11). Here we use k&D.7n) on Fig. 6. Approximations oE[D, |Fr = jr] normalized by the correct value

two identical paths. ) ) )
given by (10). Hereny =10, kr =8, g’ =0.0landl/py’ =2.

thatj, FEC packets are lost, and (ii) the expected number ) ) ) ,
E[D. |F: = j.] of lost data packets given that FEC packets calculated through the set of recursive equations given in the

were lost. We achieve this by an approach similar to the of@Pendix. _ _
used in [15] in the context of a single path FEC, as follows. 10 the best of our knowledge, Equation (11) is tnst exact
We consider a patfP, and a set of allh, FEC packets solution of this model. Indeed, all previous works used some
sent onP; with equal packet interval,. We denote by[3] approximations oE[D; |Fr = j]. In [4] the authors approxi-
the event that anf out of a consecutive packets are lost. WeNateE[Dr[Fr = jr] by assuming that any céguration ofj -
allow for a concatenation of events, e.G[3] (resp.,[2]B) losses among the F'EC packets is equally likely; we cgll th{s
means that anp out of a block ofa consecutive packets are2PProach ‘Golubchik’. In [6,23] the aul(thprs use an intuitive
lost and that this block is preceded by a good packet (resi€ar formula, i.e E(D¢|Fr = jr) = " jr. Although not
followed by a bad packet). We can now compB(&, = j, mentioned in the papers this is only an approximation that is

by conditioning on the state of tHerst packet that conforms €xact only wherk;, n, ; we refer to it as ‘Proportional’
the packet loss stationary distribution: We illustrate the differences between these approximations and

3 5 the real values in Fig. 6.
P(Fr = jr)= PG ["°'D+ PB [['g]]) =

jrS1
= -P([”'jrsl] 1)+ -P([?r'ésll] | B), (9) IV. THE DESIGN OF THE SCHEDULES
where P([f)] ), g { G,B}, is the probability that any In the previous section, we derive an exact formula for the

out of a consecutive packets are lost given that this blogkfective loss rate g under a given schedut Here we focus
is preceded by a packet in statg Although no general on the design of a good schedule that results in small
closed form ofP([§] |g) is known, it can be calculated by Not all schedules are applicabin practice. Indeed, both
the recursive approachrst proposed in [16] and extendedi) the maximal allowed FEC block transmission tingc
e.g. in [15] [4]. We show in the Appendix the details of thisind (ii) the packet interval at the source impose important
computation. It takes g), 1/u (B') andT, as parameters, andscheduling constraints. We say that a scheduleasibleif

directly uses the relations (5) above. all three of the following conditions are sdbex:
~ In order tobnd E[D(|F; = j], we brst deriveP(D: = c1T() (iS1)-Tforl i k, ie., nodatapacketis
i,Fr = jr). Let us consider thek, data packets and sent before it is generated at the source.

the n, Sk, redundancy packets separately, and additional . = . .

condition on the state of the last data packet as follow .ZT('). (kS1)-Tfork<i n, ie, no redundancy

P(D, = i, Fy = j,) = packet is sent before all data packets have been generated.
- P([krsl]G) . P([nrévkr] IG) + p([krsgll] B) .P([nrévkr] IB) = C3T(i)+ tray trec forl i n, ie., all FEC packets

jrSi jrSi . . . .
< X « < should arrive at the destination before the deadline.
P(G [“?]) - P("%1IG) + P(B [ - PV %r1IB) =

N, o o T In our discussion below, webrst Px the path
¢ PCTIGPC & 1G) + g P 1IB)P ' 11B).  rates ny,...,ng and, given this constraint, we propose
The Prst equality uses the Markov property of the loss moddWo classes of schedules. Thest one, calledimmediate
P(D; = i,F, = j, | last data packet i) = (S™M ), relects the state of the art, whereas the second
= P(D, =i | last data packet ig) - P(F, = j, | last data packet ig), one, Spread (SSW.), .is our proposal. Next,. we allow for
where G.B}. Now it is easy to calcula&[D, |F, = j.I: mdgpendent opt|m.|zat|on qf rate allocationy,...,ng,
a{ } y OelFe =0k hich leads to optimal versions of these schedu&ig"
K . . spr i
. " P, =iF, = andSgy; , respectively.
ED:IF, = /] PO LE I )
i=0 P(Fr = jr)
We plug (9) and (10) into (8) and obtain a complete formufg' ‘Immediate’ packet scheFiuhrtg'mm ' state _Of the art
for the effective loss rateg (11). The ImmediatescheduleS™™ = (T'™™ 'R'™™ ) repre-

where every term of typeP([z] |G) or P([z] IB) is sents the approach used in [4]-[7,9,10]. As the name suggests,
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&) P IG) + i P 111B)

r=1i=0

g P MIG) + 1 P 111B)

(11)

Immediate sends the data packets as soon as they are gener-
ated, i.e., every time interval T'. The redundancy packets use
the same spacing 7. So in general

Ty =G 1)-T forl<i<n. (12)

This specibes when the FEC packets are sent, but not on which
path. A good and commonly used guideline for R'™™ is to
spread the packets on each path separately with (roughly) even
spacing [10]. When the rates are equal, i.e., ni;=ny=...=nR,
then this boils down to a simple round-robin schedule applied
in [4,6,7,9]. In contrast, when the rates differ, a more elaborate
approach should be used. For this purpose we adopt the credit-
based technique proposed in [10].
The Immediate schedule can be interpreted as a function

S'MM = I'mmediate(ni...nr, T).

Two examples are given in Fig. 3: (c) is a single-path schedule
with n; = 6 and n, = 0, whereas in (d) we use two paths
and n; = n, = 3.

B. ‘Spread’ packet scheduling SSP" - our proposal

Under Immediate, all packets are sent as soon as they are
generated. We propose, instead, to spread the packets evenly
in all the available times on each path. We call this schedule
Spread SSP™ = (T SP" RSPr).2 Compared with Immediate,
Spread additionally takes as parameters the path propagation

times ¢;... tr and the maximal FEC block delay ¢z, i.e.,

SP" = Spread(ny...nr, T, t1...tR, tiec)-

The design of Spread is not straightforward. Indeed, as
the & data packets are generated at the source with spacing 7',
the paths are inter-dependent, which may easily lead to the
violation of the constraint C1. For example, if we schedule
packet 1 on P; at time T (1) = 0 (and k£ > 1), then no other
packet on any path can be scheduled before time ¢t = T..

In order to guarantee feasibility, we debne Spread as fol-
lows. First, we order the paths according to their rates n ... nr,
starting from the path with the highest rate. (When two paths
have the same rate, we take the one with a higher path
propagation time brst) We consider the paths one by one,
following this order. For each such path P, we spread the
packets evenly on time interval [t(7,¢R0 ¢/], where ¢V
takes the smallest possible value that satisbes the feasibility
condition. (The value of +(") usually grows with the number
of paths processed.) We iterate this algorithm until all paths
have been scheduled.

2SPREAD can be developed as ‘Space Packets Regularly Exploiting
Asymmetry in Delays’. AcronymCreator [17] is a great tool that helps creating
such meaningful acronyms.

We present two examples of Spread schedules in Fig. 3. We
use tpec = 170ms and two different sets of rates: n; =n, =3
in (e) and ny =4, ny=2in (f).

Spread builds on even packet spreading - a simple and
widely accepted guideline that is often thought of as leading

to the optimal solution. Indeed, we can prove the following:

Theorem 1: The Spread schedule is optimal for the repeti-
tion code FEC(n, 1).

Proof: Under FEC(n, 1) every data packet is replicated
and sent in n copies; the reception of at least one such copy
leads to a success. As there is only one data packet, all
the redundancy packets (i.e., duplicates of the data packet)
can be generated already at time ¢t = 0. This eliminates the
time dependencies between the paths. Therefore, each path P,
must maximize the probability of at least one successful
transmission. This probability was proved to be maximized
when the n, packets on P are spread evenly on the time
interval [0, t28¢  tr] (the proof can be found in [14] and holds
only for the repetition code). This, in turn, is exactly what
Spread returns for every path under FEC(n, 1). [ ]

However, the even packet spreading is not always opti-
mal. Consider for example FEC(4,3) on a single path (i.e.,
R = (1,1,1,1)) with loss rate 7481) = 1% and average
loss burst length 1/ug) = 5ms, and available time in-
terval equal to 15ms. The even spreading schedule S; =
((0,5,10,15),R) yields my = 0.53%. But the optimal
schedule (found with optimization tools of Mathematica) is
S; = ((0,7.16,12.51,15), R) and yields mg = 0.50%. This
means that Spread does not guarantee optimality in the general
FEC(n, k) case. However, we show later in simulations that
it usually leads to close-to-optimal solutions and is thus an
effective and practical rule of thumb.

C. Comparison of S'™™ and S°P": Optimal schedules SiH™
and Sgpy, and loss rate improvement .

It was shown in previous studies that an Immediate multi-
path communication is better than a single path communica-
tion. The main point we make here is that under multipath,
the Spread schedule SSP" that we propose in this paper is
signibcantly better than the Immediate schedule SI™™ that
represents the state of the art.

In order to demonstrate this, we compare the performance
of SIMM and SSP' in terms of their effective loss rates.
What rates nq ...nr and what FEC block transmission time
trec should we use to make this comparison meaningful and
fair? We should allow Immediate and Spread to optimize
independently their rates n; ...ngr, given that they impose
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Spread schedule Sgi¢ is very close to the global optimum
(dashed curve) where packets are not necessarily evenly-
spaced, as described in Section IV. This conbrms the use-
fulness of the even-spread guideline that we follow in Spread.

3) Loss rate improvement v as a function of various pa-
rameters: Clearly, there are many parameters that affect the
performance of the schedules. We study the effect of some of
them on the relative loss rate improvement ~ in Fig. 8.

First, plot (a) conbrms that the advantage of Spread over
Immediate grows with the propagation time difference At.

Second, with growing packet interval 7" at the source, the
Pxed At becomes a smaller fraction of the entire FEC block
transmission time trec. As a consequence, there is relatively
less to exploit and ~ drops with 7', see plot (b). A similar
phenomenon can be observed in plot (c), where tggc grows
due to an increase in the number n of FEC packets.

Finally, in Fig. 8d we vary the loss rate wg) of path . The
difference between the path loss rates is a crucial parameter
affecting the performance gain of the Immediate multipath
over the single path transmission. Indeed, if out of two paths
one is very lossy and the other is very good, then the optimal
Immediate multipath schedule sgg;m uses mainly (or only) the
better path, which substantially limits the gain of multipath [5,
7]. This is illustrated in plot (d) by the dashed curve; the
ratio 75 (S{10))/7e (Sspt™) is largest when the paths have
identical loss properties, and quickly diminishes with growing
difference between wg) and wg).

We could expect a similar diminishing effect for the advan-
tage v = 7w (Sit™)/ma(Sopt) Of Spread over Immediate.
Surprisingly, this is not the case; v remains relatively stable
(3 < <6) for a wide range of values of wg) . For wg) =0.25
the path P, becomes too lossy, and both Immediate and Spread
send all packets on P; only and thus become equivalent.

4) Minimizing tgegc - decreasing delays and fighting jitter:
So far we used Spread to minimize the effective loss rate g
and keep the FEC block transmission time 72 not larger than
that of Immediate schedule t'Ti™. Let us now reverse the prob-
lem: Let us minimize the FEC block transmission time ¢2rc
of Spread, and keep its effective loss rate not larger than that
of Immediate, i.e., subject to mg (Sght) < 7 (SHM™).

We plot the results in Fig. 9. The gain T  +2% in
FEC block transmission time is signibcant and grows roughly
linearly with At, as ¢/ 22T /2. The reduction of trec
brings obvious advantages to delay-constrained applications
using the multipath FEC system. First, the effective end-to-
end delays get smaller, which allows us to reduce the playout
time at the destination and keep the same level of the effective
loss rate.

Another important interpretation is related to the delay jitter,
i.e., variations of path propagation times. Indeed, in this work
we consider the path propagation time constant and focus
on (correlated) packet losses. However, as Spread results in
a smaller trgc, it also leaves more space to accommodate
potential jitter, thus naturally making Spread more robust to
jitter than Immediate.

5) Other FEC parameters n, k: So far we assumed that
Immediate and Spread use the same general FEC parameters
n and k; only the rates on particular paths could be optimized.
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However, in some cases the optimal choice of n and k& under
Spread may differ from that of Immediate, given the same
redundancy k/n.

For example, according to our additional simulations (not
shown here), for the setting in Fig. 7 and At > 220ms, the
Spread schedule using FEC(15,12) would outperform Spread
with FEC(10,8). Similarly, FEC(12,6) would be better for
Spread than FEC(10,5) for At > 140ms. Note, however, that
this phenomenon can be observed only for relatively large
values of At that rarely occur in reality.

B. Trace-driven PlanetLab evaluation

In the previous section we presented analytical and sim-
ulation results where the packet losses were modeled by
the Continuous Time Gilbert Model. As any model, it is
only an approximation of reality. In this section we feed
our simulations with real-life packet loss traces collected in
Internet experiments.

1) Data sets: The traces come from two different PlanetLab
(PL) [13] experiments. On every path the packets are sent with
time-interval 7', i.e., with the generation rate at the source.
Every trace is a sequence composed of symbols G (packet
not lost) and B (packet lost).

Every time-constrained experiment on PlanetLab should be
designed and interpreted carefully. This is because at any
point in time most of PlanetLab nodes are overloaded. Not
only their CPU utilization is at 100%, but more importantly
the queueing delays experienced by the running processes
can be very signibcant - even up to several seconds between
two consecutive accesses to CPU. This results in incorrect
propagation time measurements and packet dropping due to
incoming buffer overf3ow at the destination [18,19]. Moreover,
the situation changes dynamically. In order to minimize these
PlanetLab-specibc last-machine issues and measure the delays
and losses originating from the network routers, we introduce
periodic pauses in packet generation and avoid the highly
loaded PlanetLab nodes.

We use the following two data sets.

a) ‘Relays’ - PlanetLab with relays: In this experiment
every trace is collected on a two-hop overlay path between
three PlanetLab nodes: source, relay and destination. The
UDP packets at the source are generated every T' = 5ms
and sent immediately to the relay that forwards them to the
destination. After every one-second-long packet generation
period we introduce one second of idle time in order to avoid
dropping packets at PlanetLab hosts when the probing trafbc is
too bursty. We collected more than 5’000 traces, each covering
100 seconds of packet generation time.

In order to further reduce the effect of overloaded PL nodes
on the results, for every experiment separately we select the
source, relay and destination randomly from 50 currently least
loaded PL nodes. As the load estimate we use the number
of processes queueing for the CPU and I/O devices; it can
be obtained by parsing the Ple /proc/stat that stores the
information about kernel activity.

b) ‘Web sites’ - PlanetLab to popular web sites: This
data set consists of 2’839 traces used in [10]. They were col-
lected by sending 16-byte ICMP echo packets from 57 Plan-
etLab hosts to 55 popular web sites selected from [20]. Next,
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Fig. 10. The effective loss rate improvement ~ (by using Spread instead

of Immediate) in trace-driven simulations under FEC(10, 8). We use R = 2
independent paths with real-life loss traces; their propagation times differ by
At. We consider two data sets: ‘Relays’ (top) and ‘Web sites’ (bottom).

Multipath transmission, as a way of de-correlating the
packet losses and increasing the performance of FEC, was
brst proposed in [3]. It has received more attention recently,
e.g., in [4]-[7,9]-[11].

Multipath FEC was also shown to be efbcient in combi-
nation with TCP, especially in wireless environments [21,22].
However, in this work we focus on delay-sensitive (or time
critical) applications such as teleconferencing or gaming,
where TCP with its potential retransmissions is not suitable.
Instead, we focus on UDP type of transmissions.

In [5] the authors study a multipath FEC system by simu-
lations only, on artibcially generated graphs. They also give a
heuristic to select from a number of candidate paths a set of
highly disjoint paths with relatively small propagation delays.

There are a number of approaches to evaluate analytically
the performance of multipath FEC with independent paths and
bursty path losses. For instance, [4,6,7,10] give four different
derivations of the effective loss rate wg (or related metrics)
in such a setting. However, in all four cases the resulting
formula is only an approximation of the complete solution due
to (sometimes very signibcant) model simplibcations. First,
[6,7] use the discrete Gilbert model. Thus two consecutive
packets on one path are equally correlated irrespectively of
the time intervals between them, which makes the models
inherently unable to capture any aspects of varying packet
spacing. [10] also uses the discrete Gilbert model, but adapts
the transition matrix appropriately. The second approximation
comes when computing the number of lost data packets,
given that a FEC block cannot be entirely recovered: [4] and
[6] use approximations described at the end of section I11-B,
[7] simplibes the model by assuming that in such a case all
data packets are lost, and [10] assumes that the numbers of lost
data packets and redundancy packets are not correlated. Third,
[6] considers only a scenario with identical loss statistics on
every path. Finally, [10] assumes a large number of active
paths R [T-and small individual path rates ny [—nAThis
allows the authors to apply the central limit theorem and
approximate the joint distribution of the number of lost data
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and redundancy packets by a bivariate normal distribution.

To the best of our knowledge, we are the Prst to give an
exact analytical formula for the effective loss rate =g of FEC
protection scheme on multiple independent paths with path
losses modeled by the Gilbert model.

As in most other approaches, we assume that the back-
ground cross-trafe is much larger than our own, and thus the
load we impose on a path does not affect its loss statistics.
Scenarios where this assumption does not hold are studied
in [23] in the context of a single path FEC, and in [24] for
multipath FEC.

As in [4,9,10,24] we assume that the paths are independent.
This can be achieved by detecting correlated paths in end-
to-end measurements [25] and treating them as one. Another
approach is to bnd paths that are IP link disjoint, which should
be possible if the site is multi-homed. Finally, even if all the
available paths are to some extent correlated, we can still get
some performance benebts [5,6,8,26], though limited [27,28].

Finally and most importantly, to the best of our knowledge
no attempt has been made to exploit the path propagation
time differences in multipath FEC. Indeed, all the works listed
above use some variant of the Immediate schedule, where
packets are sent as soon as they arrive at the source. In con-
trast, in this paper we have proposed the Spread schedule that
exploits these propagation time differences and signibcantly
improves the performance.

VIlI. CONCLUSION

In this paper we started from the observation that the prop-
agation times on multiple paths between a pair of nodes may
signibcantly differ. We proposed to exploit these differences
in the context of delay-constrained multipath systems using
FEC, by applying the Spread schedule. We have evaluated our
solution by a precise analytical approach, and with simulations
based on both the model and real-life Internet traces. Our stud-
ies show that Spread substantially outperforms the previous
solutions. It typically achieves a two- to bve-fold improvement
(reduction) of the effective loss rate. Or conversely, keeping
the same level of effective loss rate, Spread signibcantly
decreases the FEC block transmission time, which limits the
observed delays and helps bghting the delay jitter.
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APPENDIX

A. Recursive equations

Here we derive the probability P([‘g‘] |¢) that any b out of
consecutive packets sent on a path P (with packet interval T;)
are lost given that this block is preceded by a packet in state
q 317, B}. Although no general closed form of P([ﬁ] 1))
is known, it can be calculated by the recursive approach brst
proposed in [16] and extended e.g. in [4,15]. Indeed,

PI511B) = R(@+1,a+1)
P31 1G) Sb+1,b a+1),



